LMJL

UNIVERSITE DE NANTES

UMR 6629 - Nantes

Spectrum of the Dirac operator on homogeneous
spaces (according to C. Bar)

Thomas DUMONT
M2 MFA University of Nantes

Under the supervision of Jean-Louis MILHORAT

October 2, 2019




Contents
Introduction

1 Clifford algebras, spin structures and Dirac operators
1.1 Clifford algebras . . . . . . . . .o
1.2 Spin groups - . - . o o e
1.3 Representations of spin groups . . . . . . . .. L Lo
1.4 Spin structure . . . . . . . L L
1.5 The Dirac operator . . . . . . . . . ..

2 The Dirac operator on homogeneous spaces
2.1 Homogeneous SPaCeS . . . . . . . v v vt i e e e e e e
2.2 A general formula for the Dirac operator . . . . . . . . .. ... .. 0.
2.3  Spectrum on quotient of the 3-sphere . . . . . . . . . .. ... ... ...
2.3.1  On the Berger sphere S3(T). . . . . . . .. ...
2.3.2 Onlensspaces L(N,T) . . . . . i it

3 Computations on more generic homogeneous spaces
3.1 The eigenvalues on the classical spherical 3-sphere. . . . . . . . .. ... .. ... ..
3.2 The eigenvalues on lens spaces. . . . . . . . . ... o

Conclusion
Appendices

A Principal and associated bundles
A1 Principal bundles . . . . . . . ..
A2 Associated bundles . . . . . ..

B Connections
B.1 On principal bundles . . . . . . . ..
B.2 On associated bundles . . . . . . . . .

References

20
20
24
28
28
34

40
41
44

46

47

47
47
47

48
48
49

51



Introduction

In the 1920’s, physicists were trying to develop a relativistic version of quantum mechanics. The
basis of quantum mechanics is the Schrodinger’s Equation :
ov
th— = HVU
ot
for the wave function ¥ where H is a differential operator determined by the classical energy in the
2
system. For example, if we consider a free particle, its energy is E = 2— and the equation becomes
ov h
th— = ——AVU
ot 2m
This formulation of quantum mechanics is based on classical Newtonian mechanics. However,
Eistein’s Principle of Special Relativity stated that physical laws should be invariant under Lorentz
transformations of space-time coordinates (our universe is seen as a 4-manifold with Lorentz metric),
that is linear transformations of R* which preserves the indefinite quadratic form :

() = 2§ — 2] — o — 23
where xg = ct is the time-like coordinate and the constant c is the speed of light in vacuum.
Now the principle of Lorentz Invariance led Einstein to the conclusion that the energy of a free
particle is given by
E = \/p2c2 + m2ct

which is not what appeared in the previous example. Because of the square root, it is impossible to
convert this expression into a classical differential operator. The first solution to this difficulty was
to apply the Schrédinger’s Equation twice. This gives a term corresponding to E? on the right-hand
side, and yields the Klein-Gordon Equation

—ﬁQa;t;P = W2 FAY + m*ctT
which can be rewritten as e
{m + (1) } W
where
_1e e e & &
c? ot? Ox3  Ox3  Ox3 03

In the late 1920’s, British physicist Paul Dirac (1902-1984), was dissatisfied with the Klein-
Gordon approach. According to Dirac, the principle of causality required the Schréodinger’s Equation
to be first-order in time. Lorentz invariance then implied it should be first-order in all variables.
This was impossible to achieve for scalar wave functions, so Dirac decided to consider vector-valued
wave functions

U= (¢1,...,9UN)

and to search for a first-order linear Lorentz-invariant operator D (later called a Dirac operator)
with
D* =0

Writing

.
D= o
— oz,



where the v, are N x N matrices, we see that

3
1 0 0
D? = (v ) s—— =0
;;&Jm7+vvm&ma%

implies the equations
VYo + Yo = £200

These are easily solved for small values of N. For instance, for N =4

0 2 0 -1 i 0
o1 = 09 = 03 =
1 0 1 0 0 —2
0 Id oy 0
Yo = Y = 7M:17273
Id 0 0 —ou

Using such matrices, Dirac wrote down in 1928 a relativistic Schrédinger equation for an electron
in a magnetic field which eventually gave spectacular accord with experiment. However, there was a
significant problem : the existence of negative energy solutions, that is eigenfunctions of the operator
with negative eigenvalues.

Dirac, believing in the beauty of the equations, asserted that such particles should exist. He
proposed the idea that the negative states are filled in general, but when a state is empty, we see
it. Such empty states are called "antiparticles". The antielectron was called a positron, which was
found in laboratory in 1932.

Underlying Dirac’s discovery was an important mathematical fact : Lorentz transformations of
space-time coordinates yield linear transformations of ¥ = (41, ...,1y) which were determined only
up to a sign +1. The additional property determining the sign was thought of as an internal spin of
the particle. The transformations of the spinor wave functions ¥ did not constitute a representation
of the Lorentz group L but rather a representation of its simply-connected 2-fold covering group
L — L.

n
Consider R™ and its standard norm ||z||?> = Y 22, and denote by M, the set of all n x n
i=1

1=
matrices with real coefficients. The orthonormal group ans its Lie algebra are then defined by

SO, ={g € Myxn : g'g = Id}
50y = {g € Mnxn:gtJrg:O}

We know that for n > 2,
m1(S0n) = /g,

and there is a universal covering group which sits in the short exact sequence
0— Z/QZ — Spin, — S0O,, — 1

The representations of Spin,, (which correspond bijectively to representations of s0,,) are gener-
ated, via direct sums and tensor products, by :

e The basic representations of R";

e The spinor representations given by Clifford multiplication.



These latter representations are not representations of SO,,. To understand them systematically, we
must first understand Clifford algebras.

But then, why are eigenvalues of the Dirac operator so interesting 7 The physical interest stems
from the observation that if DU = AW, then the time-dependant spinor field ®(x,t) := e U(z)

satisfies the physical Dirac equation

o
9@ _ipd
at "

Hence, X can be interpreted as the frequency or, equivalently, as the energy of the particle whose
wave function is ®. Computing the spectrum of the Dirac operator in particular spaces are the main
goal of this report, especially in homogeneous spaces.

The first part will focus on basic definitions and results about Clifford algebras, spin groups,
spin structures and the Dirac operator. This can be easily skipped by readers already familiar with
these concepts, and one can come back at any time when needed to look at definitions or notations.
An excellent reference for an introduction to Clifford algebra and spin group is [1]

Then, we will study the Dirac operator on homogeneous spaces, starting by giving some results
on homogeneous spaces that will help our study. We will give an explicit formula for this operator,
and then use it to computes the eigenvalues on the 3-sphere equipped with a Berger’s metric, and
on lens spaces. It is based on the article [2].

Finally, general results are given, and some of them proved, in the last part. It will show how the
metric changes the eigenvalues, by computing again on the 3-sphere, but this time with the classical
spherical metric. These, and more, are available in 3] and [4].

The appendices are here to help any reader who could have trouble with some of the notions or
results used throughout this report.



1 Clifford algebras, spin structures and Dirac operators

To begin with, we start by giving some definitions and basic results about Clifford algebras' and
spin groups. Although spin groups can be defined without Clifford algebras, the choice made here
is to get the reader used to notations and properties of Clifford algebras widely used throughout
this report. All of these will lead us then to the main concepts of spinor representations and Dirac
operator.

1.1 Clifford algebras

Definition 1 (Clifford algebra). Let V' be an n-dimensional vector space over the field K = R or
C, and ¢ a bilinear symmetric form on V. The Clifford algebra CI(V, q) associated with (V,q) is the
associative algebra with unit, defined by :

av.a) =" g W

where V& = @ V® is the tensor algebra of V and Z(V,q) the two-sided ideal generated by all
i>0
elements of the form x ® = + q(x,z)1, for z € V.
The product in the Clifford algebra will be denoted by the dot -

Examples. e If we consider the trivial quadratic form ¢ = 0 over a vector space V, then the
Clifford algebra CI(V,q) is just the exterior algebra A* (V).

o If we take K=R, V =R and ¢ = —22. Then CI(V,q) ~ C.

Remark. There is a natural map i : V' — CI(V, q) obtained by considering the natural embedding
V — V® followed by the projection V& — CI(V, q).

Viewing V as a subset of CI(V,q) in that way, the algebra CI(V,q) is generated by V (and the
unit 1), subject to the relation v - v = —q(v,v)1.

Proposition 2 (Universal property). Let A be an associative algebra with unit and f: V — A a
linear map such that :

f(0)* = =q(v,v)14 (2)

Then there exists a unique K-algebra homomorphism f: Cl(V,q) — A satistying foz’ =f
Furthermore, if C' is an associative K-algebra with unit carrying a linear map ¢ : V — C
satisfying i’ (v)? = —q(v,v)1¢, with the property above, then C is isomorphic to CI(V, q).

Remark. 1. The Clifford algebra CI(V,q) can be abstractly defined as the algebra generated by
n + 1 elements {vo,...,v,} subject to the relations :

Vo v =i Vg = V5 , Uy = Vg
v =—vg (i >1), vi-v;=—vj-v; (1<i#5)
where vy corresponds to 1, and {vy,...,v,} to a g-orthonormal basis of V.
2. If {e1,...,e,} is a g-orthonormal basis of V| then the system

{Lei...e5, 1 <ig < - <ip<n, 1 <k<n} (3)

spans Cl(V, q) as vector space, thus dim Cl(V, q) < 2" (actually this is an equality).

!Named after English mathematician William Kingdon Clifford (1845-1879), known for his work on graph theory
and projective surfaces.



3. Clifford algebras are endowed with the following fundamental automorphisms.

(a) Using the universal property, the injective morphism V' < CI(V, q) induced by the map
—Id : v — —v gives rise to the automorphism

a: ClUV.q) = CU(V,q) (4)
€y ... Cy (—1)’“6,-1 cee €y
As a? = Id, we get the decomposition CI(V,q) = CI°(V, q) ® C1*(V, q) where
Cl(V,q) = {p € CU(V,q), aly) = (-1)'¢} (5)

Clearly, for i,j € Z/QZ, we have Cl1Y(V,q) - Cl/(V,q) C CI'HI(V, q).

Thus the Clifford algebra CI(V,q) is a Z/Qz—graded algebra, that is a superalgebra. The
subspace CI°(V, q) (resp. CI'(V,q)) is called the even (resp. odd) part of CI(V,q).

(b) Consider the K-algebra anti-automorphism defined by :
LVE Ly
Since ! (Z(V,q)) € Z(V,q), there is an induced automorphism :
"1 CUV,q) = CU(V.q)
$i1 xlk H‘/Ezkmll

An immediate application of the universal property (Proposition 2) shows that if there exists a
K-isomorphism f between two K-vector spaces V and V', endowed respectively with two bilinear
symmetric forms ¢ and ¢/, such that f*¢’ = ¢, then f uniquely extends to a K-algebra isomorphism
between CI(V, q) and ClL(V',q).

Lemma 3. Let f : (V,q) — (V',¢') be an isometry. Then f uniquely extends to a K-algebra
isomorphism :

F:CUV,q) = CUV'.q)

Proof. Let g : (V,q) — Cl(V',q’) be the composition i’ o f. Then g verifies :

g(v)? = g(v) - g(v) = —¢'(f(v), F) ey gy = —a(v,0) 1oV )

since f is an isometry. So, by the universal property, g uniquely extends to g : CI(V,q) — Cl(V', '),
and since CI(V’', ¢') verifies the universal property, g is an isomorphism. The uniqueness comes from
the fact that V and 1 generates Cl(V,q). O

Definition 4. The Clifford algebra Cl,, := CI(R", ¢®) (resp. Cl,, := CI(C",¢%)) associated with
the canonical Euclidean scalar product ¢® (resp. ¢©) defined by ¢®(z,y) = Sz (resp. ¢%(z,w) =

> zjw;) is called the n-dimensional real (resp. complex) Clifford algebra.

Examples. If {e1,--- ,e,} denotes the canonical orthonormal basis of R", then the relations
ei'€j+€j‘€i:25zj
hold in Cl,. Hence, we have the following facts :

1. A basis of Cly is given by {1,e1}. Since €2 = —1, one has Cl; ~ C.



2. A basis of Cly is given by {1,e1,e2,€;1 - e2}. Since the three vectors ej, ea, eq - eg verify the
same multiplication rules as the standard basis of imaginary quaternions, one has Cly ~ H.

3. The volume element w := €1 - e9 - e3 € Cl3 is central and w - w = 1. Define

1
I+ .= F(1+w)

Since
It +1 =1, (F)* =1*
I~ -Ir=0t-1I =0
one has the decomposition Cls = C’l3+ ® Cly , where

Clf :=1* . Cly = Cly - TI*

A basis of Clgt is given by
{Hiﬂ_[i - €1, Hi . EQ,Hi €1 62}
Hence Cl5 ~ H and Cl3 ~ H @ H.

Proposition 5. The n-dimensional real (resp. complex) Clifford algebras is isomorphic to the even
part of the (n + 1)-dimensional real (resp. complex) Clifford algebra.

Cl, ~Cl%,, and Cl, ~Cl),,

Proof. Denote by {e1, -+ ,e,} and {e1,- -+ ,e,11} the canonical basis of K® and K" K = R (resp.
C). This suggests to identify K" with the image of the canonical injection in K"*! as the subspace
generated by the first n vectors. Define the linear map

fiK" = CI) . (resp CIO, )

€ €l eptl
By definition of f, we have f(e;)? = —1. Thus, by the universal property, f extends to

f:Cl, — C1%,; (vesp. Cl, — CI2_4)

Clearly, f is an injective linear map between vector spaces of same dimension (dim Cl, = 2" and
dim C10,, = 3 dim Cl,, 11 = £2"*! = 2"). Thus the map f is an isomorphism. O

n

1.2 Spin groups

We begin with the following remark : let v be any non zero vector of an Euclidean space (V,q). The
symmetry o, with respect to the hyperplane orthogonal to v is defined by

ou(z) =2 — 2q(m7v)v
q(v, v)
Viewing V' as a subset of Cl(V,q), we can write
o) =z —(z-v+v-z)- v v=—v-z-v=—AdW)(z) (6)

Since any element of SO(V,q) is the product of an even number of symmetries of that type, it is
the image under the map Ad of a certain subgroup of invertible elements in CI(V,q). We are thus
led to having a closer look at the group units in CI(V,q).



We consider the map :

N:CUV,q) = Cl(V,q)
a— alta)-a
Note that N(v) = |[v|?, for all v € V.
Denote by Cl*(V,q) the group of invertible elements of CI(V,q). It can be easily checked that
N(a(*(a™1))) - N(a) = 1. Indeed, since a and ¢ commutes, and are their own inverse, one has
N(a('(a™))) = ala(a™)))-a("a™)
—a—1
So
Na(t(@™) N(@) =a~' - ata™l) - a('a) -a = 1

This implies N (CI*(V, q)) C CI*(V,q). Since v-v = —|v|?, it is clear that any non zero vector
v eV cCl(V,q) lies in Cl*(V,q), and v™! = ﬁ For each a € CI*(V,q), we consider the inner

automorphism

Ad, : C1(V,q) = CL(V,q)

brsa-b-a !

and the map
Ady : CI(V.q) = CUV,q) (7)
b—afa) -b-a?
As we pointed out in (6), for any non zero vector v, since a(v) = —wv, the vector space V C

Cl(V,q) is stable under Ad,
Adv‘v =0y

For any K-vector space V' endowed with a symmetric bilinear form ¢, let P(V,¢q) be the group
defined by -
P(V.q) :=={a € Cl"(V.q) ; Ada(V) C V}

As before, we will restrict to the case (V,q) = (K", ¢*), where K = R or C.
Lemma 6. 1. The kernel of the map Ad : P(V,q) = GL,(K) is K*.
2. N(P(V,q)) C K*
3. The map Njpv,q) : P(V,q) — K" is a group homomorphism.
Proof. 1. Consider a € CI(V, q) such that Ad, = Id, that is, for all v € K",
afa)-v-al=v <= aa)-v=v-a (8)

We assume this equality holds only for v € V since V' generates Cl1(K", qK). As above, denote
by {ei1,...,en} the canonical basis of K". For each fixed 1 < i < n, any element a € P(V,q)
can be uniquely written as a = b+ ¢; - ¢, where b and ¢ are linear combinations of elements in
the basis {1,e;, -+ -ej, 1 <43 <--- <ip <n, 1 <k <n} that do not involve e;.

Condition (8) written for v = e; is equivalent to «(b) -e; = €; - b and a(c) - e; = —e; - c. Indeed,
afa) - v=v-a < ab+ei-c)-e,=¢€;-(b+e;-c)
— (a(b) —e;-alc))-e;=(e;-b) —c¢
< a(b)-e;=¢€;-band a(c) - e = —e; - c



Take a closer look at the last relation. If d € V', such that a(d) - e; = —e; - d, since a(d) = —d,
we have —d-e; = —e;-d < ¢;-d= —e¢; -d, so d=0. Since V generates Cl(V,q), and « is
an automorphism of CI(V, q), then ¢ = 0. So a = b, which does not involve e;. The argument
holds for each e;, it follows that a is a scalar, and since a € Cl*(V,q), a is a non zero scalar.

2. For all v € K" and a € P(V,q), we have xm(v) € K™ (by definition of V' and P(V,q)), hence
Ada(v) = (Ady(v)).
This implies :

Hence from 1 of this proof, we conclude that N(a) € K*. So N(P(V,q)) C K*.
3. By 2, for a,b € P(V,q),
N(a-b)=a(b'a)-a-b=alb)-ala)-a-b=a('b) - N(a)-b

= N(a) - a(*b) - b since N(a) € K"
= N(a) - N(b)

So Nipv,g) : P(V,q) = K* is a group homomorphism.
O

Definition 7 (Spin group). The spin group Spin, is the subgroup of P(R",¢®) generated by
elements of the form vy ...vgk, with £ > 1 and v; € R", ||v;]| =1 for 1 < i < 2k.

Proposition 8 (Covering of SO,,). For n > 2, the homomorphism £ := Avdwpmn is a non trivial
double covering of the special orthogonal group SO,.
In particular, for n > 3, the group Spin, is the universal cover of SO,,.

Proof. We know that the image of a non zero vector by the map
Ad : R"™\{0} C CI* — GL,

is the symmetry with respect to the hyperplane orthogonal to this vector. The image of EZZ] Spinn
is then the group of even product of such symmetries, which by the Cartan-Dieudonné theorem, is
exactly the group SO,.

Using 3 of the previous lemma, any element of Spin,, satisfies N(v) = 1. Indeed,

N(vy...v9) = N(v1)...N(vg) =1 since N(v;) = ||vi]| =1
By 1 of the previous lemma, we conclude that :
ker(Ad) = K* = ker(Ad|spin,) = K* N Spin,

But
a € (K*NSpin,) <= a€K and |la]| =1 <= a==+1

So the kernel of Ad : Spin,, — SO, is {#1}.

10



To show that the covering is non trivial, it is sufficient to check that 1 and —1 belong to the
same connected component of Spin,. To see this, choose unit orthogonal vectors v,w € R™ (n > 2)
and note that the curve

c: {0, g] — Spiny,
t— c(t) = (vsin(t) + wcos(t)) - (vsin(t) — wcos(t))

satisfies c(0) =1, ¢ (%) = —1.
Finally, the last assertion follows from the fact that for n > 2, we have I1;(SO,,) = Z/QZ. O]

Examples. 1. For n=1: Spiny C CI{ ~ Cly ~ R. Thus Spin; ~ {£1} = Z/2Z. Moreover
¢ : Spiny =~ Loy — SOy ~ {1}
ts
2. For n = 2, one has Spiny C C19 ~ Cl; ~ C. We verify that S* ~ U; ~ Spiny via the map
St~ Uy — Sping

o8 (cos( D)o+ i D)er) - (~eos(2)er sn(2)or) = oo s

e Let 6 and ¢ € S'. We have
cos(f) + sin(f)eq - e2 = cos(p) + sin(p)ey - €2 <—

cos(f) + sin(f)eq - ea = cos(p) + sin(p)ey - €2 <~ { )
cos(f) + sin(f)eq - ea = cos(p) + sin(p)e; - e2 <— 6
e This application is linear. Indeed :

e 0F0) s cos(0 + ) + sin(0 + )er - ez
= cos(0) cos(p) — sin(0) sin(p) + sin(f) sin(p)e; - e2 + cos(0) sin(p)ey - eo

and

(cos(f) + sin(f)eq - e2) - (cos(p) + sin(p)e; - e2)
= cos(f) cos(p) + sin(0) sin(p)e; - e2 - e1 - ea + cos(0) sin(p)e; - ez + sin(f) cos(p)eg - ea
= cos(f) cos(p) — sin(f) sin(p) + sin(f) sin(p)e; - e2 + cos(#) sin(p)e; - e2

So if w = vy - vg € Sping, with v; € R? and ||v;|| = 1, then we can write v; = cos(f;)e; +
sin(f)es and vy = — cos(f2)e; + sin(fz)es.

So we have

w = vy - vy = (cos(by)er + sin(f)es) - (— cos(f2)er + sin(f2)ez)
= cos(fy + 02) + sin(61 + 62)eq - eo

By considering § = 0 + 65, the image of €% is exactly w.

11



The map £ : Uy ~ Sping — SO3 is then given by

cos(260) —sin(26)
sin(260)  cos(20)

PN

Hence, under the identification SOy ~ Uy, £ is the square map

f:U1—>U1

2 22

3. The algebra C’lg is isomorphic to H by the isomorphism :

1 =1
e1-ey 1
D )
ey -€e3 — ]
es3 - eq — k

By this isomorphism, Sping C C1§ is identified with a subgroup of H*. If a € ClJ and ¢ = ®(a),
then

N(a)=1 = a(ta)'azl = ta-azlsinceaeC'lg

— 1=0(1) = ®(*a-a) = ®(*a) - (a) = Gq since ‘(e; - ej) = —e; - €
So ®(Spins) C Sp; and since these two groups have the same dimension, we have ®(Sping) =

Spl.

Under the identification, the covering map & is given by

& : Sping ~ Sp1 — SO;3

qr— (m € Im(H) — gzq!

= qxq)

where Im(H) = {bi + ¢j + dk € H} denotes the imaginary quaternions (which is isomorphic to
R3).

Furthermore, one can verify that the injective homomorphism

H— C(2)
A B
g=A+ju— _
nwooA

induces an isomorphism between the groups Sp; and SUs.

1.3 Representations of spin groups
We only consider complex finite dimensional representations of Spin,,
p: Spin, = GL(V)

where V is a finite dimensional complex vector space. Note that any representation of the group SO,
is obtained as a quotient of a representation p of the covering group Spin,, verifying p(+1) = Id.

12



We will show that by considering the standard complex representations of the Clifford algebras,
the spin group Spin, inherits two irreducible complex representations if n is even and one if n is odd.
As these representations do not descend to the group SO, they are called spinor representations.

We first consider complex representations of the Clifford algebras. Since every complex represen-
tation of Cl,, induces a complex representation of Cl,, and conversely, we shall only consider complex
Clifford algebras.

Theorem 9 (Representations of the Clifford algebra). The complex Clifford algebra Cl,, has a
unique irreducible representation for n even :

Xn : Cly, — End(%,,)
and two inequivalent irreducible representation for n odd :

X& : Cl, — End(%,)

where X, is a complex vector space of dim N = QL%J, where |.| denotes the floor function.

For a better understanding of the structure of the Clifford algebra, we introduce the complex

volume element :

W€ ::iLnTHJel...en e Ci,

It verifies the relations :
2

W€ 1

z-wt=(-1)""1WC 2 for z e R" c Cl,

Proposition 10. For n odd,
Cl, =Cl} & Cl;

where ClE :=TII* - Cl,, = Cl,, - II*, and IT* = (1 + w®). Moreover, a(ClE) = CIF.
Proof. Since (w(c)2 =1, we have :
o It 411" =1
o (II¥)? =TI%
eIl -IIT=II"-1I" =0
Since n is odd, w® and II* are central in Cl,,. Indeed, remember that
z-wt ="t 2, 2R Cl,

. So since n — 1 is even, and C" generates Cl,,, w® is central, and so is IT*.
Then, CI = II* - Cl,, are two ideals of Cl,,. Furthermore,

VoeCl, ,v=0"-v+II" -v since 1" + 11" =1
N—— =
€Clt €Cl,
and
ve (CLINCL) = v=1" 0" =11" v~
— Tt o= () ot =T -1 v =0
— v=0
So Cl,, =ClF & Cl,, .

Moreover, the volume element being odd, w® € Cil, we have a(II*) = IIF, hence a(Cl}) =

ns

CIF. m

13



Proposition 11. For n odd, let x, be a complex irreducible representation of Cl,. Then either
Xn (w(c) = Id, or xy (w(c) = —Id. The two possibilities occur and they are inequivalent.

Proof. Since (w‘c)Q =1, then y(w®)? = Id, so x(w®) is diagonalizable, and the eigenvalues are 1.
So the vector space X, can be written as X, = Z,J{ @ X,,, associated with the £1 eigenvalue.

The volume element w® being central, the eigenspaces X are Cl,-invariant. Indeed, if v € X
then v = x(w®)(v) and for u € Cl,,

X(u)(v) = x(u)x (@) (v) = x(u- w) (V) = x(W)x(u)(v)

So x(w®)x(u)(v) = x(u)(v), which means x(u)(v) € £F. And the same holds for ¥

The representation being irreducible, we conclude that ¥, = 3t or 3, = X7 Tt is clear that the
two representations are inequivalent. By considering the action of Cl,, on CI;} by left multiplication,
we see that the two possibilities occur. O

Definition 12 (Clifford multiplication). The map

Cl,®%, — 2,
oY aT-Y

where

i (o) (@) if n is odd

is called the Clifford multiplication of o with .

oo {xn(a)(w) if n is even

Proposition 13. 1. For n even, the restriction of x, to Spin, (resp. CI%) splits into %, =

Y@ X, where X7 and 3, are complex inequivalent irreducible representations of Spin,,

(resp. CI9).
2. For n odd, the restriction of x;© to Spin,, (resp. CI%) are irreducible and equivalent.

3. For n even, for all x € R"\{0}, the linear map
n(z) : 25 = »F

are isomorphisms. Moreover, under the isomorphism CI® ~ Cl,,_1, the vector spaces ¥F
corresponds to the two inequivalent irreducible representations of Cl,,_1.

Proof. Note the complex subalgebra generated by Spin,, € Cl, is the even part CI® of Cl,. Hence,
two representations of CIY are irreducible or equivalent if and only if it is the case for their restriction
to Spiny,. It is therefore sufficient to prove the assertion for CI9 instead of Spin,,.

1. Let n = 2m. Since w®
Y, =3 @ X, where

commutes with (Cl?l, the restriction of x, to (Cl?l ~ Cl,,_1 splits into

1+w€
o= (S5 ) &)

By Theorem 9, it is sufficient to prove that X7 and X are non-trivial vector spaces. Since
the linear map Yy, is an isomorphism, x,(w®) cannot be equal to £Ids,, = y,(£1).
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2. Again, we make use of the isomorphism CI% ~ Cl,,_;. For n odd, we know that o (CIZ) = CIT.
Note that the even part sits diagonally in the decomposition Cl,, = CI;f @ CI,,. In fact, since
w® € CI), (since n is odd), we have

Wt - il

hence CIY N Clx = {0}.
More precisely, we have
Cl% = {u* + a(u®);u® € CIE}
Since the two inequivalent irreducible representations of Cl,, are distinguished by the isomor-

phism a, by restriction to CI?, they become equivalent.

3. Since n is even, we have z - w® = —wC . z, Yz € R”
Then

w(C
@S =@ (55 ) (2 (ar )

= (FH5) v

2
cxr
The linear map x, () is in fact an isomorphism since y,,(x)? = —||z||>Id. Indeed, let’s write
x = Y. me;, where {e1,...,e,} denotes an orthonormal basis of R". Then
1<i<n
20N _ _
Xn(2)? () = Xn(2) (X (2)(v) = xn (@) | D 2ixn(e;)(v)
1<j<n
= > wixwle) | Y zixale)(v)
1<i<n 1<j<n
= > wimjxaleie))(v)
1<i,j<n
we have e; - e; = —e; - €, since {e1,..., ey} is an orthonormal basis. So the terms of the sum

for which ¢ #£ j disappears. Also, e; -e; = —1, so

Xn(2)(W) = Y @ixa(=1)(v)

1<i<n

== > adu=—al

1<i<n

For the last statement, it is sufficient to note that the isomorphism Ci,, ~ (ClgH maps the

| n | ntl
volume element wS_l = Z|-2J€1 ...ep—1 of Cl,,—1 to the volume element w;(l: = il™ Jel ...€epn

of Cl,.
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Definition 14. The representation

Xn|Spin, fOT I even
Pn = +

Xl Spinn for n odd
is called the canonical complex spin representation and is denoted by (pn, Xy).

If n is odd, p, is irreducible, whereas if n is even, it splits into two irreducible components pf.
Note that since p(—1) = —Id, the canonical complex spin representation does not descend to the
group SO, and neither do its irreducible components p;-, if n is even.

1.4 Spin structure

We will now define what is a spin structure on a manifold M. The definitions given here are for a
manifold with no other assumptions, and we will see later that on some specific spaces, the definition
of a spin structure is much more easier, for instance on homogeneous spaces (see subsection 2.1).

Let M™ be an oriented n-dimensional manifold and let P be a principal bundle over M with
group G. Recall that every representation

p:G— Aut(V)

defines an associated vector bundle F, denoted by E = P X, V, defined as the quotient of P x V'
by the right G-action

g+ (u, X) := (ug, p(g™")X)
The equivalence class of (u, X) is denoted by [u, X] and the space of smooth sections of E is

denoted by I'(E).
The principal bundle of positive linear frames of M will be denoted by

PGLI — M

Let —
:GLY — GL}

(1]

denotes the universal covering of GL;.

Definition 15 (Spin structure). A spin structure on an n-dimensional manifold M is given by a

principal GL; -bundle PG/E;M together with a projection :

O: P&M — PG’L:{M

GL} “=" p—~ M
GL

n

making the diagram : < o u commutes for each u € PC:‘Z% M.

e

+
GL"AH@(& LaerzM

Equivalently, © is fibre preserving and satisfies ©(ua) = ©(u)=(a), for all @ € PGAL;M and

—

a e GL;.
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Definition 16 (Spinorial metric). A spinorial metric in a Riemannian manifold (M, ¢) of dimension
n is given by a principal Spin,-bundle Psy;,, M together with a projection

0 PspmnM — PSOnM

Sping, a—ug Pspin, M

I

making the diagram : ¢ 0 s commutes for each u € Py, M

7

SO, ey Pso,, M

The spinorial metric is said to be subordinated to a spin structure P if Pgy;y,, M is a reduction

—_~

to Spin,, of the GL;;-principal bundle P& M.

Proposition 17. On a manifold endowed with a spin structure, each Riemannian metric gives rise
to a spinorial metric.

Proof. The Riemannian metric g on M determines the subbundle Pso, M inside Py +M (among
all the bases of T,, M, we only keep the orthonormal ones for g). Since the group Spin,, is the inverse
image of SO, in GL;; under Z, the inverse image of Pso, M is a Spin,-principal bundle, which
determines the associated spinorial metric. ]

By Proposition 17, it is natural to give up the not so widely used term spinorial metric for the
ore classical term, in the context of Riemannian geometry, of a spin manifold.

Definition 18 (Spinor bundle). To Spin,, we associate a vector complex bundle XM = Pgpip, X,
Y, called the spinor bundle.

Consider now a Riemannian metric g on M, and let Pso, M be the principal SO,-bundle of
positive g-orthonormal frames over M. We denote by ¢ the representation of SO, on Cl,, obtained
by extending every linear map A : R™ — R" of SO,, to an algebra morphism of Cl,,. We denote by
CI(M) the vector bundle associated to Psp, M for the representation ¢, that is

Cl(M) = Pso, M x, Cl,

Recall that CI(M) (which is called the Clifford bundle of (M, g)) is the set of equivalence classes
[u, a] of pairs u € Pso, M, a € Cl,, with respect to the equivalence relation [u,a] = [uA, ((A™1)(a)],
for all A € SO,,.

The equivariance of § shows that there exists a representation of C*>°(M )-algebras

CU(M) — End(SM)

given by [u, a] ([@,v¥]) = [4, pn(a)y] for each 4 € Pgpipn, M,u = 6(u) € Pso, M,a € Cl, and ¢ € ¥,,.
The action of CI(M) on ¥ M is called the Clifford product and is denoted by

(0-71/))’_>O-'¢

Local sections of XM are called spinor fields.

17



1.5 The Dirac operator

Let V be the Levi-Civita connection acting on section of X M. The morphism 77« y;gss, denoted
by the same letter ~, where
v:Cl(M)® XM — M
CRQUY— T

is the pointwise Clifford multiplication.

Definition 19 (Dirac operator). The Dirac operator is the first-order differential operator acting
on sections of the spinor bundles, given by

D:i=~voV

Locally, on an open set U C M, we get :
D: (M) —Y— I(T*M @ M) —— (M)

b 26 @Veh —— Y- Ve
i=1 i=1

where {e1,...,en} € I'v(Pso,M) is a local orthonormal frame of the tangent bundle and
{ei,...,e:} the dual frame.
Examples. 1. For M = R", XR" = R" x CN, where N = 213/,

Every spinor can be seen as a map ¥ : R* — CV. Indeed , since M = R", and ¥,, is a complex
vector space of dimension N, so ¥, = CV, and Pspin, M = R", then XM = Pgspip, X, Xp =
R™ x CV, where p is the standard representation p : R” — GL(CY) = GLx(C)

So if ¥ € I'(XM), then
TR - R x CV
T [T, U]
satisfying [zy, v.] = [z, p(y~!)vs], and W is entirely determined by x + v,.

The Dirac operator is given by
n

D:Zei-ﬁi

i=1

18



and acts on differentiable maps from R™ to C, where 9; = V,,. Then

D2 = <Zn:elal> zn:ejaj = Z €; - ejaif)j

i=1 Jj=1 1<i,j<n
n
= —2812 + Z e; ejaiaj + Z €; - ejaiaj
i=1 1<i<j<n 1<i>j5<n
n
= —2812 + Z e; - ej@-c‘)j + Z e 61'8]'81‘
i=1 1<i<j<n 1<i<j<n
n n
= —Z@f + Z € €j (@‘aj — ajai) = —2812
i=1 1<i<j<n i=1
A
A

2. In the particular case where M = R2, we have the Clifford algebra Cly = .#5(C), the complex
volume element is w® = ie; - e and one can identify the spinor bundle ¥y = E; ®Y; =CaC
with

¥ = spancg(e; +ie2) and X, = spang(l —iep - €2)

(check that x(w®)(e1 +ies) = e1 +iez and x(w®)(1 — ey - e2) = —(1 — ey - eg)>.
Then each spinor field ¥ € T'(XM) is given by two complex functions f,g : R> — C, such that

U = (61 + i€2)f + (1 —teq - eg)g

The Dirac operator acting on ¥ is then

DV = (e101 + €202) [(e1 +ie2) f + (1 — ieq - e2)g]
=e1-e101f +ieg-e01f +eg-e10af +ies-ea0sf
+e1019 + 2029 —iey - e1 - e201g — ieg - €1 - 2029
= —01f +ie1-ex01f —e1-ex0af —iOaf + €1019 + €202 + 12019 — i€102g

=~ (01 +i0) (1~ ier - e2)f ) + (B — D) (e1 + ie2)g)
Let 0, = %(61 —i09) and 0z = %(81 +i02). Then
DU =2 (=0:((1 —ie1 - e2)f ) +0: ((e1 +ie2)g ) )
That is, in the basis {e; +iea, 1 — ie1 - e} of Ty

0 20,
D=
-20- 0

Hence, the Dirac operator D can be considered as a generalization of the Cauchy-Riemann
operator.
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2 The Dirac operator on homogeneous spaces

2.1 Homogeneous spaces

Let us first give some result about homogeneous spaces, which will help us in our study of the Dirac
operator, and more specifically about symmetric spaces. The main idea is to use the specific structure
of homogeneous spaces and Frobenius reciprocity to narrow the computation of the eigenvalues on
D-invariant subspaces. Also, we will see, as noted before, that the spin structures and the bundle
Pspin,, are more easy to work with, since the latter can be identified to more practical spaces, and
the former to lifts of the isotropy representation.

Theorem 20 (Cartan). A Riemannian manifold (M, gas) is a symmetric space if and only if there
exists a triple (G, H, o) satisfying the following conditions :

1. G is a connected Lie group, H is a compact subgroup of GG, and ¢ is an involutive automorphism
of GG such that
G CHCG?
where G is the group {g € G,0(g) = g} and GY is the connected component of the identity
in G°.
2. There exists a G-invariant metric 96, on G/H such that (G/H7 gG/H) is isometric to (M, gar).

In the following, any symmetric space (M, gar) will be identified with the corresponding homo-
geneous space (G/ H>9G /H) by means of the isometry

L (G/vac/H) — (M;gnr)

The neutral element in G will be denoted e, the equivalence class in G/ 7 of any g € G by [g].
The same notation L, will be used to denote the left action of g € G of G and the induced action
in the quotient G/H.

Now let’s see what happens in the corresponding Lie algebras. We consider a compact and simply
connected symmetric space (M, gpr), together with the corresponding triple (G, H, o) satisfying the
conditions of theorem 20.

Let g (resp. bh) be the Lie algebra of G (resp. H). The tangent map of ¢ at the point [e] gives
an isometry :

Tiepe
N0 = (Vi 96, 1) — (T,M, gy)

Now the structure of symmetric space of (M, gas) provides an Adg(H )-invariant subspace p of g
which complements b in g. Indeed, let o, be the tangent map at e of the involutive automorphism
o. It is a Lie algebra automorphism of ¢ such that o2 = Idy. Since H = GY, one has :

b ={X € g;0.(X) = X}

Thus the decomposition g into eigenspaces is g = h @ p, with p = {X € g;0.(X) = —X}.
It follows from the condition H = G¢ that p is an Adg(H)-invariant subspace of g :
0«(Adg(h (J hexp(tX)h ))t:O
(ho(exp(tX))h™ )t:O since H = G7

hexp(to.(X hil)tzo

& &&\&&\&Q‘\

— (hexp(—tX)h "),
(h)(X)

=0

I

\
D
Y
@Q
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We fix now an orthonormal basis {Xi,...,X,} of p. It allows us to identify p with R", and
denote by ® the isometry

(b:p —)TMG/H

X — 4 <[exp(tX]>

dt t=0

In the following, for simplicity, we denote by « the homomorphism :

a:H— SO,
h— Ady(h),

Proposition 21. Let Pgp, M be the bundle of positive orthonormal frames of M. Let 7 : G — G/H
be the canonical principal bundle over G/ ‘g with structural space group H. Consider the associated
SO,-principal bundle given by G x, SO,. Then the principal bundles Pgp, and G x, SO, are
isomorphic.

Proof. Let [g] be some element in G/ 77 and let by be a positive orthonormal frame at [g], that is an
isometry R" — Ty (G/ H) preserving the orientation. Let g be a representative of [g], and denote

by Lg. the tangent map at the point p := [e] of L,. Consider the map ug : R" — R™ ~ p defined by
Ug = o lo Lg_*1 0 by (9)
that is X
b L, -1
ug : R 2% T G =5 110Gy T p = R”
Since ugy is an isometry preserving the orientation of R", u, belongs to SO,,. Furthermore, for
any h € H, we have :
_ -1 -1
ugh = @77 0 (Lghs) " 0 bign)
1 _7—1_7-1
=® oL, oL, oby
=d 1o L;L*l odod Lo L;*l o b[g]
= lo L,:*I o ®o upy
—_———
=a(h~1)
Hence, the element [g, uy] in the fibre of G x, SO,, at [g] depends only in the equivalence class
[g] of g. The map :
PSOnM — G Xa SOn

big) = 19, ug]

gives the claimed SO,-isomorphism between Pso, M and G x, SO, (the inverse map is given by
l9,u] = Lgy 0 ® ou, where (g,u) € G x SO,, is a representative of [g,u]). O

Consider the vector bundle associated with the principal bundle 7 : G — G/ g by the linear
representation o : H — SO,, C GL,, that is G x, R".

Proposition 22. The vector bundle TM and G x, R" are isomorphic.
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Proof. The tangent bundle T'M is the vector bundle associated to Pgp, M by the standard linear
representation Pso, M x, R".

Let [g] be an element in G/ 7 and [bg), 7] an element in the fibre of Pso, M x,R" over [g], where
bjg) is a positive orthonormal frame at [g], and z € R™. We can see that the element [g, uy(7)] of the
fibre of G x4 R™ at [g], where ug is the isometry of R™ defined previously (9), depends only in the
equivalence class [by,, z] and the map

PSOnM XpRn -G Xa R"
[b[g}7x] = [gﬂug(x)]

is the claimed isomorphism between the two vector bundles. The inverse map is given by
[g,$] = [Lg* © (P,SC]
where (g,z) € G x R" is a representative of [g, z]. O

Theorem 23. Let M = G/ 7 be a compact, simply connected irreducible symmetric space, with
corresponding triple (G, H, o) satisfying the conditions of Theorem 20. Then, M admits a spin
structure if and only if the homomorphism

oa: H— SO,
h— Adg(h),
Sping,
lifts to a homomorphism & : H — Spin,, such that the diagram @ lg commutes.

H —“2- SO,

In this case, the spin structure is G-invariant.

Proof. First, the condition is sufficient. Suppose « lifts to a : H — SO,,. Let Psp;n, M be the prin-

cipal bundle over M with structural group Spin,, associated with the principal bundle (G, , G/ )
by the homomorphism &, that is :

ngmnM =G X& Spinn
and let £y be the map :

Ear ¢ Pspin, M = G x5 Sping, — G x4 SO, ~ Pso, M
9, u] = [g,&(u)]

We can see that (Pspin, M,&nr) is a spin structure on M. Furthermore this spin structure is
G-invariant since the left action of the group G on Py, M given by

90 - 19, u] = [909, u]
and the right action of the group Spin, on Psyy,, M given by
g, u] - up = [g, uuo]

clearly commutes.
Finally, the condition is necessary. Suppose there exists a spin structure (Pspn, M,&r) on

M = G/ 77- First, as G is supposed to be simply connected, the monodromy principle allows us to
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lift the action of G on Psp, M to a G-action on Psy;y,, M which commutes with the right action of
Spin, on Py, M.

The induced action of H on Pgyin, M stabilizes the fibre (Pspin, M )(e) of Pspin, M at the point
[e]. Let E[e] be a fixed element in (Pspin, M ). For any h € H, denote by h ~g[e], the action of h on

5[6]'
Then define a(h) € Spin, by the relations
h by = by - a(h)

We now check that & is an a homomorphism H — Spin,, which is a lift of «.

by - a(hh') = hi - by
= h by - a(h') = by - a(h) - a(l)
So a(hh') = a(h)a(h') 1t is a lift by definition (since we have lift the action of G on Pso, M) and

we have
Pspin, M ~ G xz Spiny,

O

Proposition 24. Let p, : Spin, — GL(3,) be the spinor representation. Consider the vector
bundle associated to (G, , G/ 77) by the representation

Pn = ppoa

that is G x5

5 2n. Then the spinor bundle XM is isomorphic to G' x5, ¥y,.

Proof. The proof is analogous to that of Proposition 22. By deﬁnltlon 18, the spinor bundle ¥ M is
the associated bundle Pgp;pn, M %, ¥,. Let [g] be an element in / 77 and [b[g] 1] an element in the

fibre Pspin,, M X, Xy, over [g], where Z[g] is an element of the fibre Pgy;p, M over [g] and ¢ € X,,.

But Z[g] has the form [g, u] where g is a representative of [g] and u € Spin,,. Now it is straight-
forward that the element [g, p,,(u)y)] of the fibre of G x; X, at [g] depends only on the equivalence
class [[g, u],%]. Indeed, in one hand, if we consider [[gh a(h™Yu), ¢] € Ppin, M x5, Sy, one has :

(91, pa@(h ) 0| = |gh, pu(@(H))pa(w)-]
= |gh. Ba(h™ ) puw)t0] = |9, pu(u)e’]

In the other hand, if we consider [[g, ua(h™1)], ﬁn(h)w], one has :

(9.9 (u@(h7)) Puh)) | = |9 pn (i (A7) (pu(@(0)¥)

The map
Pspin, M X p, Yy = X X5, X
[lg.ul, ] = [g, pu(w)v]
is the claimed isomorphism between the two vector bundles. The inverse map is given by

[9,¢] = [[9, €], ¢]
for g e G,¢ € 2. O
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Proposition 25. Let C37(G, X,,) be the space of H-equivariant smooth functions G — ¥,,, that is,
the set of functions f : G — X, satisfying

f(gh) = p(h™)f(9)
The space I'(XM) of smooth sections of the bundle XM is isomorphic to the space C37 (G, %,).
This means that a spinor field ¥ € T'(XM) can be see as a H-equivariant function ¥ : G — X,,.

Proof. The proof is very similar to that of the previous proposition. The H-equivariant functions
fu corresponding to a spinor field W is defined by

U([g]) = [9, fu(g)]

2.2 A general formula for the Dirac operator

In [2], C. Bér gives several important results about the Dirac operator among which an explicit
general formula written in theorem 26, which will be used later to compute explicitly the eigenvalues
on some examples of homogeneous spaces.

For X,Y € g, let [ X, Y], be the p-component of [X,Y]. We define

1
Qijk ©= (([Xinj]p, Xie) + ([ X5, Xilp, Xi) + ([ Xk, Xilp, Xj>)
1 n
B = 22<[X Xilps X;)
j=1
Recall that {Xi,---, X, } is an orthonormal basis of p. From Proposition 25, we see that spinor

fields are given by py-equivariant maps f : G — X,,. More precisely, the spinor field ¥ corresponding

to f is given by ¥([g]) = [g, f(9)]-
Let {E1,..., E,} be the standard basis of R™.

Theorem 26. For the Dirac operator, we have the formula :

Dlg, ¥(9)l|g=go = gOaZEk Xl go (¥ ZﬁzEJr Z aijpEi - Ej - Eg | - ¥(g0)

1<i<j<k<n

Proof. Recall that D =~ o V.

Let X € p, X = ®(z) € T,M(= T[e]G/H), go € G. We choose A(t) € Spin, such that
A(0) = 1spin, and the curve t — [e"X A(t)] is horizontal with respect to the distribution coming
from the Levi-Civita connection (See Appendix B about horizontal tangent vectors). Since this
distribution is invariant under the action of G on Psyin, M (= G x5Spiny,), the curve t — [goe!™, A(t)]
is also horizontal.

Therefore the horizontal lift (dgo - X )™ of dgo - X € TyyM to Pspin, M is given by

— Spin d
(dgo : X)Sp (190, Lspin,]) = dt [goetX’A(t)] [t=0

and the horizontal lift (dgo - X)°? of dgo - X € T,y M to Pso, M(= G x4 SO,,) is given by

(dgo- %) (Lg0.Tol) = 35 [90e™ To(€ - A®)] oy

dt
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Let [g] — [9,¥(g)] = [lg,A],0(g, A)] be a spinor field, where = denotes the isomorphism between
G x5, Xn and Pspin, M X, 3p(= XM), and ¥ and o are related by :

\Ij(g) = J(g, 1Spin>
o(g,A) = po(A™1)TU(g) , g € G, A € Spin,

We calculate now ng x where V* is the spinor connection induced by the Levi-Civita connec-

tion (see 17 in Appendix B.2).
==\ Spin
vdEgo 5’4 Hga A]7 O’(g,A)] = [907 1Spin]7 (dg() . X) P ’[9071] (O’)}
~ Spin
90, (dgo X) i |[go,1}(0-)i|

2N d
(dgo - X) " |igo.1) (0 (goe @) =0

i

dp(A 1) - (g0 )=
= —p.(A(0))¥(go) + dLg, X (V)
= —p.(A(0)¥(go) + X g ()

Now, we have to calculate A(0). We know that the curve t — [e!X,© - A(t)] is horizontal in
Pso, M, so we get :

\Y
¥ [, (0 A)] lo =0
But we have also (by the proof of Proposition 21)

\%

— [, (0 - A(t))] |1=0 = % (de™ .Do.O(A(1))) =0

_ . \V/ —
= dby - (9* - A<0>> + = (de"™ - Bo) [1=o

where by denotes the mapping from SO, to Pso, M given by multiplication by by, and dbg
denotes its differential which is an isomorphism form so(n) to the vertical subspace of T; Ps, M

de!X denotes the differential of the left action of G on T, M by left multiplication (here we take
t =0, so e =p), so (de!* - by) € Pso, M.
Therefore, we have an expression for A(0)

\V4 _
1£(d€tx . bO)’tZO

Let’s compute this equation step by step. First, let ¢(s) be an integral curve for X; in M. Then

z tX Vo tX
gl ¢ O)l=0 = 757
Vo

T Osot” o(8)l=s=0

A(0) = —O7" - (dbo)™

c(8)]t=s=0
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where

() = 3 (— (% X1, %) + (%5, %1, X) + (%5, X, X4))

Now, for a matrix A = (a;;) € s0,, we have

_ d—
dbo A= %bo . etA|t:0
d - _
= abo (L4t A+ O(t*))imo =bo - A

:(Yl,,yn)A: Zaﬂ-yj,...,z%nyj
J J

Thus (dbo) 1, (de'™ - by) |i=0 = (cij(X)) € 50, and therefore

1
= ¢ij(X)E; - Ej € spin,,

A(O) = =6 (e (X)) = 1Y

the factor i coming from the fact that Spin, is a double covering of SO,,.

Now that we have the result for A( ), putting it in Vd < We get :
VdEgo X[ga \I}(g)] = gO7X‘go( - ( ZCZ] ) \I/(go)
= | 90, X1go (¥ Z:czJ VE; - E; - U(go)

In the last line, we omit p, seeing the element E; - E; of spin(n) as the element E; - E; € Cl,,.
Now that we have an expression for V¥, we calculate the formula for the Dirac operator. By
definition, we have :

n

Dlg. ¥(9)]lg=go = > (dgo - Xi) - Vi %, [9:¥(9)]
k=1

n
= QO,ZEk' (Xk:|go Zczg Xp)E; - Ej - ‘I’(QO))
k=1 0.
We can see that for i # j, ¢;j(X) = —¢j(X) and for all ¢, ¢;;(X) = 0. So
¢ij(X)E; - B; + cji(X)E; - B; = 2¢,E; - E;
since I; - E; = —F; - E;. Putting all this together, we have :

1 1

**ZCij(Xk)Ei “E;-V(go) = —5

1 Z cij(Xp)E;i - Ej - V(go)

i, 1<i<j<n

and

Dlg, ¥(9)]lg=go = goazEk Xl go (¥ +ZEI<: <—;> > i (Xk)Ei- Ej - ¥ (go)

k=1 1<i<j<n
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We denote ¢;j; = ¢;(X%). Then, we have

n
1 1
> Ek- _izcijkEi Bl =5 ( > ciwEr Ei-Ej+ Y ciji(—Ej) + Y ciju(—Ei- By - Ej)

k=1 i<j k<i<j i<j i<k<j
+ Zciiji + Z Cz’jkEi . Ej . Ek>
1<j 1<j<k
1
=3 Z (¢jki — cikj + cije)Ei - Ej - B + Eciijj
i<j<k i#]

But we see

1
Cijj = 5 (—

S

mp,m + <[Xz‘>Xj]payj> + <[Xian]p’yj>)

So
1 1
Bi = 52 (X5, Xilp, X;) = —52%‘3‘

J=1 Jj=1

By the same calculus, we have
Cjki — Cikj + Cijk = % <<mpyyk> + <mp,yi> + <mp,yj>) = 204

The Yjeﬁame X by the isomorphism between p and T, M, and since we take the scalar product,
we have (X,Y) = (X,Y)
So, taking all the results together, it gives

n n
Dlg, ©(9)llg=go = [90: Y Bk Xilgo (V) + [ D BiEi+ Y  aijpBi- Ej- By | - U(go)
i=1

k=1 1<i<j<k<n

O]

As remarkable as this explicit formula is, we will not use it on a random spinor field. We will
rather focus on the decomposition of I'(XM) into D-invariant subspaces, given in Proposition 29,
which will make the computations in the next subsections easier.

Definition 27. We denote by G the set of equivalence classes of unitary irreducible finite dimensional
complex representation of G. Any representative of G is denoted by (p4, V).

Theorem 28 (Frobenius reciprocity). The unitary representation splits into the Hilbert sum

L4 (G, %,) = @a (Vy, ® Homp (Vy, 5y)) (10)
ye

Proposition 29. The Dirac operator D leaves invariant the space V, ® Hompg(V5,%,), and

Dy, @Homy (Vy,5,) = 1d ® D,
where

D, : Homg(Vy,%,) = Homg(Vy, 2,)

A =B A (p)o(X) + [ DY BB+ Y aipBi-Ej B |- A
k=1 i=1

1<i<j<k<n
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Proof. Let v® A € (V, ® Homp(Vy,X,)). For more clarity, let

n
L= Z/BiEi + Z B - Ej - By

i=1 1<i<j<k<n

and let

UM,
lg] = Apy (g v

From Theorem 26, we know that

Dlg, ¥(9)llg=go = |90, ZEk + Xklgo (¥) + L - ¥(go)

k=1
We have
X Dy (goet™
k|go( ) = dt (908 )|t=0
d _
- %APW( gy ") vli=o

= _A(P'y)*(Xk)pv(go_ Jv

Moreover, L - W(go) = L - Ap(gy*)v.
So we have :

Dlg, ¥(9)]lg=go = [gm ( ZEk )« (Xx) + L - A) Pv(go_l)U]

Thus, we see that

( ZEk )u(Xp) + L - A)

which is exactly the proposition. O

2.3 Spectrum on quotient of the 3-sphere
2.3.1 On the Berger sphere S3(T).

Let’s apply the results obtained previously on concrete examples, namely on quotient of the 3-sphere.
In the spirit of Theorem 28 and Proposition 29, the work now is to find the irreducible representations
of the subgroup H in order to determine the subspaces Hompy(V,,%,), and to compute the Dirac
operator on those spaces.

Con81der the group SUs, which have a double role in the following : it is the group G in the
space M = /H7 and it is also the spin group Sping = SU; (see section 1.2). We take H finite, so
h=0and g=p=su

We define the inner product on p by declaring the basis

0 i 0 —1 1 (i 0
X, = X, = X3 = — (11)
i 0 1 0 T\op —i
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to be orthonormal, where 7" > 0 is a fixed parameter. The Lie algebra structure is given by
2 2
(X1, Xo] = 2T X3, [X2, X3] = 7X1, (X3, X4] = X2
By definition of §8; and ayji, we have

b1 = P2 =03 =0 and a3 = +

2o N
Nl =

The spinor space X3 is a 2-dimensional complex vector space (QL%J = 2). We choose a basis {Z1, Z>}
of ¥3 such that the Clifford multiplication by the standard basis of R? is given by the following
matrices :

0 < 0 -1 t 0
i 0 1 0 0 —:

with E1EaF3 = 1. It means that, if z = (21, 22) € X3 (in the basis {Z1, Za2}), then p(e;)(z) = E; - z

The irreducible unitary representations of SUs are given by (m,, V;,) where V,, is the vector space
of all complex homogeneous polynomials P of degree n in two variables z1, ze. The group SUs; acts
via

mn(9)P(2) = P(zg)

for P € V,,, g € SUz and z = (21, 22). We will use the polynomials P, = 2]~ kZZ, with k=0,...,n
as a basis of V,.

We start by considering the case that H is trivial. Then M = SU, is diffeomorphic to S3, and
we denote the resulting homogeneous Riemannian manifold by S*(T'). We will calculate D,, which
is acting on Hom(V,,, ¥3). From Proposition 29, since 1 = 2 = 3 = 0 and a3 = % + %, we have

ZEk )« (Xk) — (g + 1{) A

Since the term (% + %) only shift the spectrum, we will focus on the operator

D A= ZEk )x(X5)
First of all, let’s calculate the endomorphisms (7))« (Xg).

(e (X)) () = ( 41+ 530 Pilc ) (2

d 1 s
= d*Pk (21, 22) |s=0
§ s 1

— (21 +is2z2)" k(iszl + zz)k|S:0

d
( )nk1k+1+zkznk+1k1
=i(n — k)Pp11(2) + ikPp_1(2)

So we have :
(7Tn* (Xl)Pk) (Z) = z(n — k)PkJrl(Z) + ikPkfl(Z) (12)
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Therefore, we can represent m,«(X7) by the matrix

0 1 0
n 0 2 0
10 n—=1 0
Wn*(Xl) =1
0 n
1
By the same calculus, we find
0o -1 0
n 0 -2 0
0 n—1 0
T+ (X2) =
0 —n
1 0
and - -
n
n—2 0
7
7Tn*(X3) = f
0
-n

Now that we have a formula for (7, ).(X%), let’s finish the computation of D! A.
Since V,, and 33 are complex vector spaces of dimension n + 1 and 2 respectively, Hom(V,,, ¥3)
is a complex vector space of dimension 2(n + 1), for which we consider the following basis :

Zy ifk=1, keven
Ap(P) =272y ifk=1, kodd
0 otherwise
7y ifk=1, kodd
Bip(P) =( 7y ifk=1, keven
0 otherwise
fork=0,---,n
We will compute D), Ay and D), By, for k even and k odd separately.
e For k even, we get by equation (12) :

By - Ag - (mn)«(X1)(P) = By - Ay (i(n — 1) Pryq + ilP )
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By definition of Ay, the only [ for which this computation is non zero are [ = k+ 1. So we
have for [ = k — 1 odd

FEi- A - (ﬂ'n)*(Xl)(Pkfl) = Fq - A (z(n —k+ 1)Pk + Z(k — 1)Pk,2)
= z(n —k+ 1)(222) = (k‘ —-n— I)ZQ = (k‘ —-n— 1)Ak,1<P]€,1)

By the same reasoning, we get for [ =k + 1
By - A ()« (X1) (Pegr) = —=(k + 1) Z2 = = (k + 1) Ag11)(py
80, considering Ay = 0 for k < 0 and k > n, we have
Ey-Ag - (mp)«(X1)=(kE—n—1)Ap1 — (k+ 1) Ak
and we also have, by the same computations
By Ap - (mn)«(X2) = (n =k + 1)Apq — (b + 1) Apa
By Ag - (m)a(X3) = %(% — o)Ay

Therefore, putting together these results, we get

= 1
DpAp ==Y Ep- A (m)(Xp) = 7 (= 2k) A+ 2(k + 1) Ap (13)
k=1

If k£ is odd, we obtain

By Ay (mn)«(X1) = (b —n = 1)Ap—q — (k+ 1) Apsy
By - Ay - (mn)«(X2) = (b —n — 1) Apq + (k + 1) Apsy

1
By Ay - (10)o(Xs) = (0 — 26) A
and therefore
- 1
’D;lAk = — E E, - A - (Fn)*(Xk) = 2(71 +1-— k)Akfl + T<2k — TL)Ak (14)

k=1

Moreover, since we will have the same computations for By, with the cases k even and &k odd
interchanged, we have

1
DBy, =2(n+1—-k)Bx_1+ f(Qk —n)By, if k even

1
DBy = (1 — 2k) By +2(k + 1)Bisy if k odd

Now that we have these explicit formulas for D, we focus on the eigenvalues.
We see that the subspace of Hom(V,,,X3) spanned by the Ay is D) -invariant, as well as the

subspace spanned by the Bj.
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e Considering the endomorphism D/, on the subspace spanned by the Ay, and with respect to
this basis, it can be represented by a block-diagonal matrix with 2 x 2 blocks on the diagonal.
The 2 x 2 block have the form

+(n—20) 2(n—1)
20+1) #(20+2—n)

n—1 for n odd
1=0,2,4,---,
n —2 for n even

In the case n even, there is one more 1 x 1 block, with entry —7#, corresponding to (13) for

k=n:
1 n
Dy An = (0 = 20) Ap + 200+ DAnys = — 2 Ay

(Recall that there is n + 1 elements in the basis {Ag, -, A, }, so there is n + 1 lines in the
matrix corresponding to Dy,).

o In the subspace spanned by the By, we have also a block-diagonal matrix. First, we have a
1 x 1 block, with entry —7#, corresponding to

1
D By=2(n+1-0)B_; + 70— n)By = —%Bo

Then, since the computations are the same as for Ay, we have the same 2 x 2 blocks
7(n—21) 2(n —1)
20+1) #(20+2—n)

this time for

n—1 for n even
l:153555'”7
n—2 for n odd

If n is odd, there is one more 1 x 1 block with entry —74, corresponding to (14) with k& =n :

1
D, B, =—(n—2n)B, +2(n+1)B,y1 = —ﬁBn
T T
Summing everything up, we have two cases :
e For n even :
@
a
Op—2
o
D= ' (15)
Bo
b1
B3
ﬁn—l
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where

o = for j =0,2, ,n —2
20 +1)  7(2j+2-n)
n
an'_'50::‘7f
A(n—2k 2(n—k
By = 7 ) ( ) fork=1,3,---,n—1

e For n odd :
Qo
Q2
Qnp—1
D, = . (16)
B1
B3
5n—2
Bn
where
1 . .
=(n—2 2(n —
aj = ol J) (n=J) for j=0,2,--- ,n—1
20+1) F(2j+2—n)
n
ﬁOZ:ﬁn::_7f
1
=(n — 2k 2(n — k
B = al ) ( ) fork=1,3,--- ,n—2

2(k+1) #(2k+2—n)

Seeing D), under the form of a matrix, it is easier to compute its eigenvalues.

First, we see that in the matrices, there are two 1 x 1 block with entry —7, which give two times

the eigenvalue —7.

The 2 x 2 block
+(n —20) 2(n —1)
20+1) +L(20+2—n)
appear for [ =0,1,2,--- ,n — 1. The eigenvalues of this block are

1
2

1 1 , ,
M= [(T2 —1)(n—21+1) +(n+1)

It is then easy to determine the eigenvalues of D, it suffices to add the term — (% + %T) to
obtain the eigenvalues.
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Eigenvalue Multiplicity
—ngl L 2(n+1),n=0,1,2,...

1
—%T:l:[(%—1)(71—2[4—1)24—(714—1)2]2 n+l,n=1,2...andl=0,1,...,n—1

The term (n + 1) in each multiplicity comes from dim(V,) = (n + 1). Indeed, we saw that on
Vo @ Hompr(Vy, X3), we have D = Id ® D,,. So if A is an eigenvalue of D,, of multiplicity u, then A
is an eigenvalue of D of multiplicity pdim(V,,) = p(n + 1).

To be more clear, let m =n+ 1 and kK =1+ 1. Then, we have the following theorem.

Theorem 30. On the sphere S3(T'), endowed with the metric coming from (11), the Dirac operator
D has the following eigenvalues :

_moz with multiplicity 2m, for m =1,2,...
T 2 1
1 1 2
—§T + [<T2 - 1) (m — 2k)* + m2] with multiplicity m, for k =1,2,...,m — 1 and
m=2.3,...

2.3.2 On lens spaces Z(N,T)

We can also find the eigenvalues of the Dirac operator on lens spaces, that is quotient of the sphere

2m—1
Z2=""14
where I is a subgroup of SOs,,. A general study of the Dirac operator on those spaces can be found

in [3].
Here, we will focus on quotients of the 3-sphere of the form

3
2w, )=, =Sl

(that is, we take H = Zy) where the embedding of Zy in SU; is

et 0
it
H
€ 0 e—zt
Recall that we chose a basis of SUs :
0 1 0 -1 1 {7 O
i 0 1 0 T\og —i

We saw that the spin structures are in 1 — 1 correspondence with the lifts of the homomorphism
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a: H — S0, (see Theorem 23). Take a look at the isotropy representation of Zy

et 0 0 i\ [e™ 0O 0 e
AdeitXl = ) . = .
0 e™) \i 0 0 e e 0
0 icos(2t) — sin(2t) )
= = cos(2t) X1 + sin(2¢) Xo
icos(—2t) — sin(—2t) 0
et 0 0 —1 e”® 0 0 —e2it
Adgit X9 = ) N )
0 e/ \1 0 0 e e 0
0 — cos(2t) — isin(2t) .
= = —sin(2t) X + cos(2t) X»
cos(—2t) + isin(—2t) 0
1 (et 0 i 0 e~ 0
Adin X3 = — . ,
T\ et 0 —i 0 et
1 ({7 O
T\o —i

Summing up, the isotropy representation Zy — SO(3) is given by
cos(2t) —sin(2t) 0
e sin(2t) cos(2t) O
0 0 1
Then, by identifying Spins with SUs, we can lift the isotropy representation, that is
Zn — SUy >~ Sping
et 0

0 e—it

et s

As in the previous computations, we want to determine the space
Homg, (Vy,,33) C Hom(V,, X3)

So we want to know how Zy acts on V,, and on 3. For that, we decompose the spinor representation
and the representations 7, restricted to Zy, into Zy-irreducible components.
First, the irreducible representations of Zy are

Pm - Zn — Uy
z 2"
Two such representations p,, and p, are equivalent if and only if m =p mod N.

Moreover, since the spinor representation of Sping ~ SU, is exactly the standard representation
of SUs (since for the standard representation, the image of —Id is —Id # Id), we get for its restriction
to Zy the representation p; ® p_1. Indeed the standard representation of SUs is

SU, — GL(C?)
A— A
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Then its restriction to Zy is given by :

Zyn — GL(C?)
eit R eit 0 B p1 (eit) 0
0 e—it 0 p—1 (eit)

So we see that the spinor representation, restricted to Zy, is p1 ® p—1.
Finally, the action of Zx on V, is

(€ Pr) (2) = Pi | (21, 22) ,
0 e—zt
= Pu(eflzy, e7izy) = e(n—k)itz?fke—kitzég

= PP (2) = prak(e”) Pi(2)

Thus, Zy acts on C x Py via p,_ok. So, in order to calculate Homg, (Vy,, X3), we have to find the
homomorphisms A : V,, — X3 such that

et A(Py) = A" Py)

p1(e”) 0

| A(P) = A (pn—ai(e)Py)
0 poa(e”)
where the dot - in the first line denotes the action of e on respectively Y3 and V,.

We will search such A in the basis {Ay,...,An, Bo,...,By}. By definition Ax(F) # 0 and
By(P,) # 0 if and only if k = [. So we have to find for which k, p; and p_; are sent to p,_og, or at
least to equivalent representations.

We will start by studying the case N = 2 and then the case N > 3.

The case N = 2

When N = 2, the lens space Z(2,T) = S?’/Z2 is just the real projective space RP3. Also, the
representation p; and p_; are equivalent. So we just have to determine k& such that n—2k =1
mod 2. But since 2k is even for all k&, n — 2k =1 mod 2 if and only if n is odd.

So, if n is even, there is not any k for which n — 2k = 1 mod 2 holds. It means that
HomZN(Vn, 23) = 0.

If n is odd, then for all k, we have n—2k =1 mod 2. So Homg,, (V,,, X3) = Hom(V,,, ¥3).

If we look at Theorem 30, the eigenvalues of the Dirac operator on the lens space Z(2,T)
are the eigenvalues with m = n + 1 even, that is m = 2m/.

Proposition 31. The eigenvalues of the Dirac operator on the real projective space RP3

(=2(2,T)) are

Eigenvalue Multiplicity
2m’ 1
oz Al m! = 1,2,
T 2 ) m7 m M b
1 1 2
—5T %2 {<ﬁ—1)(m’—k)2+m’2] om!,m' =1,2,.. . and k=1,....2m' — 1

36



The case N >3

For N > 3, the representations p; and p_; are not equivalent. We first focus on the subspace
spanned by the A;. For [ even, we have

Al (eit . Pl) — Al (e(anl)itPl) — e(nf2l)itAl(Pl> — e(anl)itzl
4 et 0 4
6“ . AZ(B) = 0 " Zl = 6“21
et

We see that for [ even, A; is Zy-invariant if and only if n —2/ =1 mod N. By the same
calculus, we can see that for [ odd, A; is Zy-invariant if and only if n — 2] = —1 mod N.

In the case [ even, and n — 2] =1 mod N, we have then n —2(l 4+ 1) = —1 mod N. It
means that for [ even, if A; is Zy-invariant then A;,; also is Zy-invariant.

So, if we look back at the blocks we found in our study of the Berger sphere S*(T) (see
(15) and (16)), a 2 x 2 block

(n—21) 2(n —1)
2(0+1) %(21+2—n)

will "survive" if and only if n — 2/ =1 mod N, with [ even, and so the Dirac operator will
admit the corresponding eigenvalues.

The 1 x 1 block a, with entry —7%, in the case n even, survives if and only if n —2n =1
mod N, that isn = —1 mod N.

If we take m =n+1 and k =1+ 1 (as we did in Theorem 30), the condition for the 2 x 2
blocks becomes m — 2k =0 mod N, and for the 1 x 1 block m =0 mod N, m odd.

If we make the same reasoning for the subspace spanned by the B;, then we obtain that
the 2 x 2 blocks ; survives if and only if n — 2l =1 mod N, for [ odd. The first 1 x 1 block
Bo remains if n = 1 mod N, and the second 1 x 1 block 3, if n = 1 mod N, for n odd.
Again, by setting m =n -+ 1 and kK = [+ 1, we have the 2 x 2 blocks if m — 2k =0 mod N,
the first 1 x 1 block if m =0 mod N, and the second one if m =0 mod N, m even.

Finally, we get to the result. Putting everything together, we obtain that the 2 x 2 blocks
remain if m — 2k =0 mod N, and two 1 x 1 blocks if m =0 mod N.

Proposition 32. The eigenvalues of the Dirac operator on the lens space £ (N, T) for N > 3
are

Eigenvalue Multiplicity

N 1
—%—§T | %N, with i = 1,2, . ..

1 1 PN , m+1l . m—2
—§Ti2{<ﬁ—1>z]\f +m} m, with m = 2,3, and ——— <i < =

The case N even, N = 2N'.
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For N = 2N’ even, Z(N,T) admits one more spin structure, corresponding to the lift

ZN — SUQ
2imq 2imq imgN
2imq q e N 0 e N € N 0
enN = (_1) _ 2img = _ 2imqg  imgN
0 e~ Oe" ¥ e N
2irq(N’+1)
e N 0
= 2irq(N'—1)
0 e N

2im0 2it N

This map is not well-defined if N is odd. Indeed, we have e~ =e "~ , but

We see that Zy acts on X3 via pyry1 ® pyr—1. If we make the same computations as in
the previous case, we show that

e For N = 2, the eigenvalues of .Z(2,T) = RP? are the eigenvalues of S*(T) for m odd.

e For N =2N’', N’ > 2. In this case, py/_1 and py+,1 are not equivalent. The eigenvalues
come from the 2 x 2 blocks with m — 2k = N’ mod N, and from the 1 x 1 block with
m=N" mod N.

All these results are summarized in the following theorems.

Theorem 33. The real projective space RP? (= £ (2,T)) has exactly two spin structures.
With respect to the first one, the eigenvalues of the Dirac operator are

— =T with multiplicity 4m’, where m' =1,2,...

1

2

——T+2 {(— - 1) (m' — k) + m’zl with multiplicity 2m’, where m’ = 1,2,... and
k=1,....2m —1

With respect to the second spin structure, the eigenvalues of the Dirac operator are

— =T with multiplicity 2(2m’ 4 1), where
m' =0,1,2,...

N

1 1
_ET + {(772 - 1> (2m' +1—2k)* + (2m' + 1)} with multiplicity 2m’ + 1, where
m =1,2,...and k=1,2,...,2m/.

Theorem 34. The lens space .Z(N,T), for N > 3, has one spin structure, for which the
Dirac operator admits the following eigenvalues :
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— ET with multiplicity 2¢N, where i = 1,2, ...
1
1 1 2
—=-T+ {(—2 — 1) i’N? + mZ} with multiplicity m, where m = 2,3,... and
2 T m+1 ci< m —
—— <1
N <

If N =2N even, Z(N,T) has one more spin structure, for which the Dirac operator
admits the following eigenvalues :

N'+iN 1
— ]—1\—72 — §T with multiplicity 2(N'+iN), wherei = 0,1, ...
1
1 1 2
ST+ <<—2 _ 1)(N’ +iN)? +m2) with multiplicity m, where m = 2.3, ... and
2 T (1-m-N) = (m—2-N)
AL A i
N N
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3 Computations on more generic homogeneous spaces

In the previous section, we calculate the eigenvalues for some homogeneous spaces M =
SUZ/H, with H = Zy, or with H = 0, so M = S3(T) and M is diffeomorphic to S®. But this
computations were made with a specific metric, which change the eigenvalues of the Dirac
operator. In the following, we will give the eigenvalues on the n-sphere, with the induced
metric of R,

We start with a very important result about the symmetry of the set of eigenvalues of
the Dirac operator, and the determination of its spectrum by its square. The following
proposition plays a major role in the calculus that will follow.

Proposition 35. The spectrum of D is symmetric with respect to the origin. Furthermore,
it is completely determined by the spectrum of D?

Proof. Let X be an eigenvalue of D, and ¥ a non trivial function in C{ (G, %,) ~ I'(XM)
such that DU = A\W. Consider the function ¢*V¥, where o is the involutive automorphism of
G defining the symmetric structure (see Theorem 20). Since X; € p, we know that

o (i) = el7 (X)) = 71X
It follows
Xi(o"¥)(g) = %(w (a(getxi)>) .
= %<¢ <0(g)a(etxl)>> .
-3 (w (a<g>e—”<i)>
= —X,(¥)(o(9))
Hence

D(o*V)(g) = =D¥(o(g)) = —A¥(0(g)) = —Ad"¥(g)

So ¢*W is an eigenfunction for the eigenvalue —\. It means that the spectrum of D is
symmetric with respect to the origin.
Furthermore, by Proposition 29, D leaves invariant the space V., @ Homg(V,,%,), and so
does D?. Thus we have
D2|VV®HomH(V%Zn) =1d® D?,

Thus
SpeC(D2) = USpec (D2|V~,®HomH(V,Y,En)) = USpeC(Dﬁ)

ve@ veG

We admit that D is a formally self-adjoint operator, so its restriction to any non-trivial
space V, ® Hompy(V,,X,) is a Hermitian operator on the finite dimensional Hermitian space

(Vo @ Homp (Vy, S0), (|- v, e Hom (v,.5.))

hence, it is diagonalizable. So there exists an orthonormal basis of V,, ® Homy(V,, ¥,,) which
diagonalizes D|v, @ Homy (v;,5,); but it also diagonalizes DQI‘/W@HOMH(V%EH).
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This leads to the conclusion that

Spec(D) = U {i\/ﬁ;,u € SpeC(D2>}

ved

3.1 The eigenvalues on the classical spherical 3-sphere.

Theorem 36. The classical Dirac operator on the sphere S™ of constant sectional curvature
1 has the eigenvalues

i(ngk) k<0

n +k_1
oLzl (™
( k )

Proof. This computation of the eigenvalues is different from the one above for S3(T'), since
here we don’t have the homogeneous space structure. We will use instead Killing spinors.
A Killing spinor with Killing constant p is a spinor field W satisfying the equation

with multiplicities

Vil =Vl — pX -0 =0
for all tangent vectors X. Killing spinors are very useful in this context, because of the
following result, which we will admit :

Proposition 37. The spinor bundle 35" can be trivialized by Killing spinors for u = % and

p=—3

So, from now on, let u = ﬂ:% Now, we will prove the Lichnerowicz formula, which relates
the connection V over the sphere to the Dirac operator :

Proposition 38.
~ ~ 1
(D+p)* =V*V+_(n-1)°

Proof. Let p € S™, let {e1,...,e,} be alocal orthonormal frame near p such that V., (p) = 0.
At p, we get

D =T - (Zeivﬁ + u) (Zejvej + u) L399,
i1 =1 =1

= Z € e;Ve, Ve, +2uD + i + Z (Vej — ,uej) (Ve]. — ,uej)
j=1

1<ij<n

& 1
= Zej ’ ejvejvej + Z € ejveivej + Zei ’ ejveivej + 2MD + -

4
j=1 1<i<j<n i>j

. 1
+ Zvejvej —2uD — Zn
j=1
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y o~ =~ n - 1 n
(’D + M) —VxV = —Zvejvej + Z €i€; (Veivej - Ve]-vei) + ZVejvej + Z - Z
j=1 1<i<j<n Jj=1
—1
= Z e; - ejRE(ei,ej) - nT
1<i<j<n
1
IS g g Hao
1<i<j<n
1 1
1<i<j<n
— Znn—1) = 2(n—1) = 2(n — 1)’
= 4n n 1 n = —-\n

where R is the curvature of the spinor bundle, and
1
R*(X,Y)=VxVy —VyVx — Vixy] = Z(YX — XY)

]

The last equality comes from the constant curvature (see [4], Equation (5), p71).

Now, we choose an orthogonal basis fo = 1, fi,. .., of the L?>-functions on S™, L*(S", R),
consisting of eigenfunctions of the Laplace operator A = d x d, with Af; = \; f;. We see that
fi¥; form a basis of the L*-spinor fields L?(S™, ¥.S"), where Wy, ..., ¥, |4 are a trivialization
of the spinor bundle by Killing spinors with Killing constant pu.

The following lemma tells us that we have found an eigenbasis for the operator (D + M)Q

Lemma 39.

12
(D + M)Q (fi¥;) = ()\z’ + (n 1 D ) g
Proof. From Proposition 38, we have
(D + M)2 (fi¥;) = (6 «V + }l(n — 1)2) (fiv;)

We compute

Ve [iVj = Ve, [i¥; — perfi ¥V
=dfiV;+ [iVe,V; — pey [V
=df;V; + fiperV; — pey f; ¥; since U, is a Killing spinor
= df;V;
So
VV(fi¥) = & fiY; = MY,

Thus, we have

D407 ) = (n+ B
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The eigenvalues of the Laplace operator are given in the following proposition, which we
will admit.

Proposition 40. The eigenvalues of the Laplace operator on S™ are

n—l—k—l)n—i—Qk;—l

k(n+k —1), for k > 0, with multiplicity m = ( I T A1
This proposition leads to the following corollary

Corollary 41. (D + p)” has the eigenvalues

k(n+k—1)+@

The next step is the calculation of the eigenvalues of D + u. First, if an operator A has
a vector u satisfying

, for £ > 0, with multiplicity ol3] my,

A%y = N
then for v* = £ u + Au, we have
AvE = £A M+ A%u = £XAu + N2u = £\ (X u + Au) = £ o*

Hence, if v* # 0, then &)\ is an eigenvalue of A. In our case, A = D+ . Let us first look
at the case k =0, that is u = ¥; and A = —p(n — 1).

v =—p(n —1)%; + (D + p)¥;

= —pn—1)¥; + Zeivei\llj +p¥; = —p(n— 1)V, + Zei,ueilllj + pv;

=1 =1
= —pu(n = )W — W3y 1+ Wy = —p(n — )W, — npW; + pd,
=1

= —2u(n— 1)V,

and by the same computation, v~ = 0. Hence v # 0, so A = —u(n — 1) is an eigenvalue of
D + i of multiplicity at least QL%J, since it is an eigenvalue for all ¥, j =1,... ,QL%J. Since
the multiplicity of @ of (D + p)? is QL%J, the eigenvalue —p(n — 1) of D + p has exactly

multiplicity ols],
Now, we look at the case k > 1, that is

We know all the eigenvalues of D, namely —un with multiplicity ol 3] (for k = 0) and the
other eigenvalues are —u + (k + ”T_l), for £ > 1, and we must determine their multiplicity.

To do this, let us recall that we may choose p = :I:%. We start with p = —%. Then
—p+(k+22) =k+2 and —p— (k+251) = 1—k— 2. We introduce the following notations
for the eigenvalues of D.

n n
M= N==+4Fk k>1
0 27 k 2+7 -

/\szl—g—k, k> 1
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We know that the multiplicity of \{ (= —un), namely m (%) = QL%J, and from the

previous corollary, we know that m (\{) +m (A\F,) = 2l3] mg.
The same reasoning applied to u = % gives

n

n
L= — T =1 — > 1
=5 A T ok k2

x;:—g—k,kz1

and m (—2) = 9l%] and m () +m(AZ,) = ol3] my,
Proposition 42. We have for £k > 0

m () =m () =2l (P

Proof. We will prove this proposition by induction on k. We saw already that the claim is
true for £ = 0. For the induction step & — k + 1 :

m (Aiiﬂ) = 2l My — M ()‘J—rk—1)

_ol3] misr —m (AZ,)  (since A, = A7)

ol —olg) ("ﬂi— 1)

] ((n+k)n+2k+1_ <n+k:—1))
kE+1 n+k k
_olz] ((n+k>n+2k+1_ <n+k)ﬂ)
kE+1 n+k kE+1/n+k

—ol3] (Z:]f)

3

—ol3

and we do the same for )\:(k+1). O
Summing up everything we get, :
° g is an eigenvalue of multiplicity QL%J
n k—1
] g + k and —g — k, for k£ > 1, are eigenvalues of multiplicity 2 \.ZJ (n + i )
which is what we wanted to prove. O

3.2 The eigenvalues on lens spaces.

A more general result about the eigenvalues of the Dirac operator can be given on lens spaces,
that is gn
M="* 7T

where n = 2m — 1 is odd, and I' C SO,,;; is a fixed point free subgroup.

The Dirac eigenvalues, according to the previous theorem, are of the form + (% + k:) The
same holds for the lens space M, but the multiplicities will be smaller than those for S™.
Let’s compute these.
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Definition 43. Using the same notations as before for the multiplicity, let
Zm ( +k D)
= Zm (—% — k,D) 2"
k=0

The Theorem 36 gives the following lemma.
Lemma 44. F,(z) and F_(z) converge absolutely for |z| < 1

Now, in even dimension 2m, the complex spinor representation of Spins,, on X, decom-
poses into two irreducible half spin representations (see 13) :

pt: Sping, — Aut(33)
p~ : Spingy, — Aut(X3,,)

Let x* : Spinag, — C be the character of p*. The main result is
Theorem 45. Let gem /F be a spherical lens space with spin structure given by
e: I' = Sping,,

Then the eigenvalue of the Dirac operator are + (% + k), k > 0 with multiplicities determined
by

+

§:x (e(7)) — z.xT (e(7))
— ]

= det (1g,, — 2.7)

(
E:X (e(v)) —z.x~ (e(7))

]F\ det (19, — 2.7)

vyel’

As a consequence, two lens spaces can be linked according to the power series they have,
or we can obtain information on their structure, for example if it is homogeneous. If you are
interested, read the article of S. Boldt [3].
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Conclusion

This report shows that the study of the Dirac operator and the computation of its eigenvalues
is easier on homogeneous spaces thanks to their specific structure : 1 — 1 correspondence be-
tween spin structures and lifts of the isotropy representations, isomorphisms between Pso M
ans G' X, SO, between XM and G x5, ¥, ... As we have seen, one can have an explicit
formula of the operator, find the eigenvalues and, in some cases, the exact multiplicity of
each eigenvalues, or in some other cases, the multiplicities under the form of a power series.
Of course, one have to be careful of the chosen metric, which may shift the spectrum, and
change the multiplicities.

Usually, the study of the eigenvalues of the Dirac operator is much more complicated,
so one can hardly find the exact eigenvalues, but can determine bounds. For instance, on a
compact Riemannian manifold, we still have the Schrodinger-Lichnerowicz formula (Propo-
sition 38). So, if Dy = Ap, we get

X, 0) = (Do, ) = ((V *V + E)so, w)

4
R R
= (Vp, V) + Z(so, ©) > Z(%@

where R denotes the Riemannian curvature. So if R > S, for some positive constant S, then

S

2
> =
A _4<90,<p>

Such bounds can sometimes be improved, depending on the manifold. For example, Hijazi
proved the following theorem for compact manifold.

Theorem 46. Let M be a compact Riemannian spin manifold of dimension n > 3. Then
all Dirac eigenvalues \ of M satisfy

n (YY)

A2 >
“—n—1 4

where p1(Y') denotes the smallest eigenvalue of the Yamabe operator

n

Y =4

—1
A+ R
5 +

n JE—
Also, Bir gave a lower bound for the eigenvalues on S2.

Theorem 47. Let M = S? be equipped with any Riemannian metric. Then all Dirac

eigenvalues satisfy
9 4m

>
— area(M)

Equality holds for the smallest eigenvalue if and only if M has constant curvature.

The Dirac operator is therefore the object of a great study, especially with its consequences
in physics.
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Appendices

A Principal and associated bundles

A.1 Principal bundles

This introduction to principal bundles is taken from [5|, Appendix A, p370.

Let X be a paracompact Hausdorff space and G a topological space. A principal G-bundle
P over X is essentially a bundle of "affine G-spaces" over X. To be more precise, it is a fibre
bundle 7 : P — X together with a continuous, right action of G on P which preserves the
fibres (if y € P,, then Vg € G, yg € P,), and acts simply and transitively on them. Thus the
fibres are exactly the orbits of G.

Moreover, every point in X has a neighbourhood U and a homomorphism

hy 7 N (U) - Ux G
p = (m(p),1(p))

with the property that h(pg) = (7(p),v(p)g), Vg € G.

Examples. e Let m: P — X be a 2-sheeted covering space of X, and let G = Z/QZ.

The group G acts on P by interchanging the sheets, which preserves the fibres. That
is clearly a principal Z/QZ—bundle.

e Let E be a real n-dimensional vector bundle over X, and let Pgy E be the bundle of
bases of E, that is the bundle whose fibre at © € X is the set of all bases for the vector
space E, (the fibre over x in E). This is a GL,, principal bundle.

Fix a matrix ¢ = (a;;) € GL,. Then given a basis v = (v1,...,v,) of E, at a point

x € X, we set vg = (v, ...,v]) where

)’ ¥n
n
[ .
Uj = Vi A
k=1

This action is clearly continuous, and it is simple and transitive on the fibres.

A.2 Associated bundles

More about associated bundles can be found in 6], Chapter I, p54-55.

Let P(M,G) be a principal fibre bundle over M with group G and let F' be a manifold
on which G acts on the left. We shall construct a fibre bundle E(M, F, P, G) associated with
P with standard fibre F'.

On the product manifold P x F', we let G acts on the right as follows : an element a € G
maps the element (u,&) € P x F into (ua,a '¢) € P x F. The quotient space of P x F by
this group action is denoted by £ = P x¢g F.

At this moment, E is just a set, but we can introduce a differentiable structure. The

mapping
PxF —M
(u, &) = m(u)
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induces a mapping 7z, called the projection of E onto M. For each x € M, the set 7' (z)
is called the fibre of E over z. Every point z € M has a neighbourhood U such that 7=1(U)
is isomorphic to U x G. Identifying 7=}(U) with U x G, we see that the action of G on
7~ Y(U) x F on the right is given by

b:(z,a,8) v~ (v,ab,b€) for (z,a,6) €U x G x Fandbe G

It follows that the isomorphism 7~} (U) ~ U x G induces an isomorphism 7' (U) ~ U x F.
We can therefore introduce a differentiable structure on E by the requirement that 7' (U)
is an open submanifold of F which is diffeomorphic with U x F' under the isomorphism
7 (U) ~ U x F. The projection 7 is then a differentiable mapping of E onto M. We call
E the fibre bundle over the base M, with (standard) fibre " and (structure) group G, which
is associated with the principal fibre bundle P.

Example. Let M be a manifold of dimension n. Let L(M) be the set of all linear frames u
at all points of M. It is a GL,(R) principal bundle over M. Then the tangent bundle 7'M
is an associated bundle with L(M), with standard fibre R™.

B Connections

B.1 On principal bundles

For proofs and further results about connections, see [6], chapter II, p63-64.

Let P(M,G) be a principal bundle over a manifold M with group G. For each u € P,
let TP be the tangent space of P at u and G, the subspace of T, P consisting of vectors
tangent to the fibre through wu.

Definition 48. A connection I" on P is an assignment of a subspace @, of T, P to each
u € P such that :

1. T,P =G, ®Q, (direct sum);

2. Qua = (Ry):Q, for every u € P and a € G, where R, is the transformation of P induced
by R,u = ua;

3. @, depends differentiably on wu.

Condition 2 means that the distribution v — @), is invariant by G. We call GG, the vertical
subspace and (), the horizontal subspace of T, P.

Definition 49. A vector X € T, P is called vertical (resp. horizontal) if it lies in G, (resp.
Q.). By 1, every vector can be uniquely written as X =Y + Z, where Y € G, and Z € Q,,.
We call Y (resp. Z) the vertical (resp. horizontal) component of X and denote it by vX
(resp. hX).

Given a connection I' in P, we define a 1-form on P with value in the Lie algebra ¢ of G
as follows. Every A € ¢ induces a vector field A* on P by setting, for u € P,

d
(A%), = pr (u.e') li=o
called the fundamental vector field corresponding to A, and that
A (A%,
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is a linear isomorphism of ¢ onto G, for each u € P.

For each X € T, P, we define w(X) to be the unique A € ¢ such that (A*), is equal to
the vertical component of X. So w(X) = 0 if and only if X is horizontal. The form w is
called the connexion form of the given connection I'.

Proposition 50. The connection form w of a connection I' satisfies the following conditions

1. w(A*) = A, for every A € ¥;

2. (R,)*w = Ad(a")w, that is w ((R,).X) = Ad(a !)w(X), for every a € G and every
vector field X on P.

Conversely, given a ¢-valued 1-form w on P satisfying 1 and 2, there is a unique
connection I' on P whose connection form is w.

The projection 7 : P — M induces a linear mapping 7 : T,P — T, M for each u € P,
where x = m(u). When a connection is given, 7 maps the horizontal subspace @, isomorphi-
cally onto T, M.

The horizontal lift (or simply lift) of a vector field X on M is the unique vector field X*
on P which is horizontal and which projects onto X, that is 7(X) = Xr(), Yu € P.

Proposition 51. Given a connection in P and a vector field X on M, there is a unique
horizontal lift X* of X. The lift X* is invariant by R,, Va € G. Conversely, every horizontal
vector field X* on P invariant by G is the lift of a vector field X on M.

Proposition 52. Let X* and Y* be the horizontal lifts of X and Y respectively. Then
1. X* + Y™ is the horizontal lift of X + Y

2. For every function f on M, f*.X* is the horizontal lift of fX where f* is the function
on P defined by f* = f om;

3. The horizontal component of [X*, Y*] is the horizontal lift of [X,Y].

B.2 On associated bundles

The following comes from [7], 10.4, p346-347.

Let P(M,G) be a G-bundle with the projection mp. Let us take a chart U; of M and a
section o; over U;. We take the canonical trivialization ¢;(p, e) = o;(p). Let 7 be a horizontal
lift of a curve 7 : [0,1] — U;. We denote v(0) = py and 7(0) = ug. Associated with P is a
vector bundle £ = P x, V with the projection 7g. Let X € T, )M be a tangent vector to
~v(t) at po. Let s € F(M E) be a section, or a vector field, on M. Write an element of F as
[(u,v)] = {(ug, p(9) " v)|u € P,v € V,g € G}. We choose the following form :

s(p) = [oi(p), £(p)]

as a representative.
Now, along a curve v : [0,1] — M, we have s(t) = [¥(t),n(t)], where ¥(t) is an arbitrary
horizontal lift of 7(¢). The covariant derivative of s(t) along ~(t) at po = y(0) is defined by

d

Vies = |7(0), T )], (17)
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where X is the tangent vector to () at py. For the covariant derivative to be really intrinsic,
it should not depend on hte horizontal lift. Let 7'(t) = J(¢t)a (a € G) be another horizontal
=~

lift of . If 3(¢) is chosen to be the horizontal lift, we have a representative [(3/(t), a='n(t))].
The covariant derivative is now given by

70) Gl )] | = (7O G0,

which agrees with 17. Hence V xs depends only on the tangent vector X and the section
s € I'(M, FE) and not on the horizontal lift 7(¢). The definition depends only on a curve =y
and a connection and not on local trivializations.
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